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1 Introduction

The Gauss Bonnet theorem gives a connection between the local information about a smooth surface,
the curvature at a point, and the global information about the surface, the Euler characteristic. More
specifically,

Theorem 1. (Gauss-Bonnet) Given a smooth, compact Riemannian 2-manifold (M, g), the
Gaussian curvature K, and the Euler characteristic x, we have that

/ K dA =2nx(M)
M

For the simplicity of this exposition and the concreteness of ideas, I will be proving this theorem in a
three dimensional setting, i.e our Riemannian 2-manifold (M, g) will be regular surface in R? (a surface
that’s locally homeomorphic to R? with injective differential). Furthermore, I will be assuming that the
surface we are working with is orientable (since any compact nonorientable surface isn’t embeddable into
R3)%.

The strategy of this proof will be to work with a triangulation of our surface, and to prove a local
statement that relates the curvature on the interior of a triangle to the angles of the triangle. More
specifically, we will work with geodesic triangles, triangles whose sides are geodesics, i.e. curves that take
the shortest path from one vertex to another.

1However, if Gauss-Bonnet is proved in generality for orientable surfaces, it is very easy to prove it for nonorientable
surfaces. We just pass to the orientable double cover and apply Gauss-Bonnet there, and from here the result follows
quickly for the base surface.



Theorem 2. (Local Gauss-Bonnet) Let Q be the interior of a geodesic triangle on M, and let
w1,ws,ws be the exterior angles of this triangle (both to be defined precisely later). Then

/KdA—Hul + wy + w3 =27
Q

Triangulating our smooth surface with geodesic triangles and applying the Local Gauss-Bonnet theorem

to each triangle in our triangulation will allow us to conclude the global version?.

To prove Local Gauss-Bonnet, we need to make a connection between the Gaussian Curvature of points
in the interior of our geodesic triangle 2, and the geodesic curvature of points on the boundary 0f2.
We will do this by showing that both of these quantities are intrinsic to the surface, i.e. they can be
expressed in terms of the coefficients of the metric and their derivatives, quantities that can be measured
without reference to the ambient space the surface is embedded in. A fish in the sea lives in some aquatic
ambient space, so its curvature properties may be defined with respect to this ambient space, but these
curvature properties remain true of a fish out of water as well.

Much of this exposition follows the presentation of [Car76], where more details on the fundamental forms,
curvature, and Gauss-Bonnet in the three-dimensional setting can be found. For a general treatment of
Gauss-Bonnet, see, for instance, Chapter 9 of [Leel8].

2 A quick review of metrics

Given a regular surface S C R3, an open set V C S, and a point p € V, the metric, or first fundamental
form, on the vector space T},(.5) is a choice of inner product on this vector space. On a surface embedded
in R3, T, »(S) will inherit the standard inner product structure from the ambient space. Given a local
parametrization ¢ : U — V of S with U C R?, we have a basis of T},(S) given by ¢, and ¢,,, the images
of the basis vectors e, ez under the Jacobian at ¢~!(p). Under this basis, we can write our metric as
the bilinear form

E = {pu, ¢u>
E F
<F G) ; where ¢ F'= (pu, pu) = ($u, Pu)
G = (pv, o)
This metric clearly changes smoothly as we move p across V. With this notation, we will now work
to express the Gaussian and geodesic curvatures intrinsically. Intuitively, this means that Gaussian
and geodesic curvatures can be calculated without reference to the space it’s embedded in. Precisely,

this means that the Gaussian and geodesic curvatures can be written in terms of F, F, G, and their
derivatives.

3 Gaussian Curvature

In this section, we will define the Gaussian Curvature K, and give a rough proof of Gauss’s Theorema
Egregium, that K is an intrinsic property to a surface. As the curvature of a surface, a property relating
to the change in normal vector, fundamentally depends on the choice of embedding into some ambient
surface, the fact that K can be described intrinsically is surprising.

As mentioned before, throughout the paper we will assume that our surface S is orientable, i.e. there
exists a choice of unit normal vector N(p) to each point p € S such that the function taking p to it’s
normal vector is globally defined and smooth. We’ll say that a coordinate frame ¢, ¢, of a neighborhood
of S is positively oriented with respect to a given orientation if (., X @,, N(p)) > 0 (using the standard
cross product in R3).

this is a box Wee‘

21t will also be the case that smooth surfaces can be triangulated with geodesic triangles, as brought up in Section 7



3.1 The Gauss Map and the Second Fundamental Form

Given an orientable surface S, we can define the Gauss Map N : S — S2 sending a point p € S to it’s
unit normal vector N(p). This is clearly a smooth map (by the definition of orientability), and so we
have the differential dN, : T,(S) — Tn(p)(5?). Since the planes T,(S) and T (,)(5?) are parallel (they
have the same normal vector), we can view dN, as a map from T,(S) to itself. Since dN,, is a linear
map describing how the normal vector changes in a small region of S, it makes sense that dN, should
capture how much the surface “curves” in a small region. In this way, we define the Gaussian curvature
as follows:

Definition 1. The Gaussian curvature K of S at p is the determinant of dIV,,.
We make a quick observation:

| Lemma 1. dN, is a self-adjoint map.

Proof. Let ¢(u,v) be a local parametrization of S around p, so we need to check that (dN,(¢y), vy) =
(Pu; dNp(py)). Given a parametrized curve a(t) = ¢(u(t), v(t)) with a(0) = p, then

AN (0/(0)) = SN (u(t),v(t))]_ = Nua(0) + Now'(0)

From this, we get that dN,(p,) = N, and dN,(p,) is N,, so showing that (AN, (¢w), pu) = (©u, dNL(0y))
is equivalent to showing that

<Nu; Spv> = <<Pu’ Nv>

This follows quickly from the fact that (N, ¢,) = (¢, N) = 0. Taking the derivative of (N, ¢, ) relative
to v, the derivative of {¢,, N) relative to u, and noting that ¢,, = @, by smoothness, we get that

(Nu, 00) = —(N, uv) = —{Pou, N) = (@u, Ny)

This completes the proof. O]

Since dN,, is self-adjoint, we may define the quadratic form Q(v) = (dN,(v),v), leading us to the following
definition.

Definition 2. The second fundamental form I, of S at p is defined to be the quadratic
form —(dN,(v),v), which with respect to local coordinates can be represented with a matrix of

(6 ’)
f g

(This matrix is symmetric since dN,, is self-adjoint)

Contrary to the first fundamental form, which tells you how distances and angles are computed within
the surface (an intrinsic property), the second fundamental form tells us something about how the
normal vector changes, an fundamentally extrinsic measurement. In general (not just in R?), the second
fundamental form is measured relative to an embedding into a higher dimensional manifold. When this
form is positive definite, i.e. (dN(v),v) > 0 for all v € Tp(s), this means that our surface is curving
“upwards” in all directions from s, and that our surface is convex at s as shown in the picture below.
This form being negative definite tells us that our surface is concave at s, and our form outputting both
positive and negative values tells us that our surface looks saddle shaped at s.



ongle < g0 T(vi>o0!

To work toward giving an intrinsic description of Gaussian curvature, we would like to find the coefficients
of the matrix of dV in terms of the first and second fundamental forms. In the process, we will compute
explicitly the terms e, f, g of the second fundamental form in terms of local coordinates.

Given a local parameterization ¢(u,v) of a neighborhood of a point p € S, and a parameterized curve
a(t) = p(u(t),v(t)) through p, we have that o' = p,u’ + ¢,v’. We also have that

dN (/) = Nyu' + Nyv'

Then in a basis of our local coordinates ¢, ¢,, we can write dN in matrix form as
u' a1 Q12 u’
dN |, | = ,
v ag1 Q922 v

Nu = a11Pu + az1Py (1)
Ny = a1204 + a2y (2)

Where

From this, we can explicitly compute that the second fundamental form acts on a vector o € T,(S) as
I (/) = —{(dN(a'),a) = —(N,u' + Nov', pu’ + p,v") = e(u')? + 2fu'v' + g(v')?

Where e, f, g are given by (using the fact that (N, ¢,) = (N, p,) =0)
(

€ = < ua@u> N QDHU>
f=—(No,u) = (N, ouv) = (N, 0vu) = —(Nu, ¢u)
g =—(Ny,00) = (N, 0u0)

Plugging in our expressions for N,, and N, from (1) and (2) into our expressions of e, f, g above gives us
that
—e=a11 1+ anF
—f=anF +anG = a2+ axnl
—g = a1oF 4+ aG

We can encode this information in matrix form as
(e f\_ (e a2\ (E F
f g Q21 Qa22 F G

It is clear that by taking inverses (since the first fundamental form is full rank) that the a;; can be
explicitly determined. Furthermore, taking determinants on both sides gives us that

eg— f?

K=—-2"J_
EG — F?

Which gives us an expression of K in terms of the coefficients of the first and second fundamental forms.



3.2 The Christoffel Symbols

At each point in the chart given by our local parametrization ¢, we have an oriented coordinate system
of R? given by {©y,@,, N}. Therefore, we can express the derivatives of ¢, and ¢,,in terms of ¢,, p,
and N as

Luu = F%l‘ﬂu + F%l‘ﬂv + L1 N
Luyy = P%Q‘Pu + P%Q‘Pv + Lo N
Tou =Ty 0u + T30, + LoN
Tyo = Tappu + Doy + L3N 3)

These coefficients F;'-k are called the Christoffel Symbols of S in the parameterization ¢. By inner

producting each of these equations with N, we quickly see that L1 = e, Ly = Ly = f, and L3 = g.
Furthermore, it is easy to see that the Christoffel symbols are symmetric with respect to the lower
indices.

The reason why the Christoffel Symbols are important to us is that once we inner product the equations
above with ¢, and ¢,, we get three systems of two equations:

E+T7F = %Ezu
L F+1%,G=F, - 1B,

F%QE + F%QF = %Em
I, F +T%,G = 1G,

F%QE + F%2F =F, — %va
I3, F +T3,G =1G,

Each of these systems has determinant EG — F2 # 0 since the first fundamental form has full rank, and
therefore the Christoffel Symbols can be expressed completely in terms of the metric! Anything that can
be written in terms of the Christoffel Symbols is therefore intrinsic to the surface.

Given the clear equality (Zyy)y = (Tuw)w (which holds by smoothness), we use the values of (3) to get
that
(Tl1¢w + 1100 + eN)u = (Plapu + Topu + [N)u

Using the chain rule and (3) again, and equating the ¢, terms (which we can do since ¢y, p,, N is a
basis for our space) gives us that

I TT, +THT3, + eags + (FF))y = F1olT) + Dl%, + faor + (Tiy)

Where a1; and a1z are as defined in (1) and (2). As mentioned before, these coefficients can be explicitly
solved, and plugging in these values and rearranging gives us that

eg— f?

EG 2 K

(T%)u = (TF1)y + TpolTy + Tl — T35 =TT, = —E
This expression allows us to conclude Gauss’s Theorema Egregium, that the Gaussian curvature is in
fact intrinsic to the surface itself. If we use (4) to solve explicitly for the Christoffel symbols, plug them
into the above equation, and pick ¢ to be an orthogonal parametrization of our neighborhood of s (so
that (., ©y) = 0) to simplify our result, we get the celebrated Gauss Formula:

Theorem 3. (Gauss Formula) If ¢ is an orthogonal parametrization of a neighborhood of p (i.e.
F =0), then the Gaussian curvature K at p can be expressed as

%= pra | (vea), " (V).



4 Geodesic Curvature

While the Gaussian curvature is the only curvature that shows up in the Gauss-Bonnet formula, the
way we will understand the integral of the Gaussian curvature on the interior of a triangle is by relating
it to properties of its boundary. One of the properties that will arise in this connection is the geodesic
curvature of the boundary, a quantity that measures the curvature of a parameterized curve rather than
a 2-dimensional area of the surface. However, we will completely understand the geodesic curvature (in
fact, it’s just zero) if we choose the edges of the triangle to be geodesics on our surface. We will begin by
defining geodesic curvature in terms of the ambient space, and then finding an intrinsic way to express
this quantity.

4.1 The Covariant Derivative and Geodesics

The covariant derivative gives us a generalization of the differentiation of vector fields in Euclidean space.

Definition 3. Let S be a regular surface and U an open set of S, withp € U. Let a : (—e,e) = U
be a regular curve (smooth with injective differential) with a(0) = p, and consider some y € T,(.5).
Given a smooth vector field w along «, we define the covariant derivative relative to the vector
y as the projection of £ onto T},(S). We denote this as (Dyw)(p) or 22 (0). Note that w being a
vector field along o means w(t) maps to a tangent vector in T, ;)S, and smoothness means that

for a smooth coordinate frame ¢,,, @, w(t) = a(t)p, + b(t)p, with a,b smooth.

What the covariant derivative is doing is picking out the part of the change in our vector field along our
parameterized curve that lies in the tangent plane of our surface. An attempt at a picture is given below
if it helps for visualization. For a potentially better picture, see page 238 of [Car76].

1) The vector field on o ?_\ Project i—': onko TpS

It is not too hard to show that the covariant derivative is independent of the curve a and only dependent
on y by showing that it can be expressed in terms of the Christoffel symbols.

If we pick our smooth vector field w to be the tangent vector field () and interpret «(t) as the path
of a particle, then Dcéi/t(t) is the tangential component of the acceleration of the particle, i.e how much
the particle is accelerating from the point of view on the surface. For an explicit example, consider a
cylinder embedded in R3, and a circular path around it. The centripetal acceleration needed to keep
a particle on this circular trajectory points normal to the surface, so in this case, DT?/ is zero, and the

particle doesn’t accelerate on the surface.
Our circular path on our cylinder happens to be a particular example of a geodesic.

Definition 4. A parameterized curve o € S is a geodesic if Dd—i‘l = 0 for all points on the curve
a.

With a little bit of work, it can be seen that this definition forces a to be parametrized proportional
to arclength. Then a geodesic curve is one where a particle with constant velocity experiences no
acceleration on the surface, so a geodesic curve between two points a and b is the path of shortest length
between these two points.



Given these definitions, we’ll define the geodesic curvature as follows. We consider a regular curve C on
an oriented surface S, and «a(s) an arclength parametrization of C with «(0) = p. Therefore, the tangent
vector field on « is a unit vector field, and ‘%(s) is normal to «(s). Since LZT‘;‘/(O) is also perpendicular

to the unit normal vector N at the point p, we can express
Do/’
dt

= AN x /(1))
For some real coefficient \.

Definition 5. We denote this A as either [D—O‘,} or kg, as the (signed) geodesic curvature of

dt
C at p.

From a point of view external to the surface the absolute value of k4 is the norm of o’ (0) projected onto
T,(S), i.e. how much a particle on « is accelerating on the surface. From this, we immediately see that
the geodesic curvature along a geodesic is zero, and that the geodesic curvature is a measurement of how
far a curve is from being a geodesic.

More generally, given a a regular curve, and w any smooth unit vector field on «, we have that % =
A(N x w(t)) for some real coefficient A for the same reasons as before.

Definition 6. The algebraic value of the covariant derivative %, denoted by [%], is
the real number .

To be able to find an intrinsic description of the geodesic curvature, we will more generally find an
intrinsic definition of the algebraic value of the covariant derivative.

4.2 An Intrinsic Description

To complete our task, we will need a way to measure the angle between two unit vector fields v and w
along a parametrized curve o : I — S. To do this, consider T to be the unique unit vector field such that
{v,T} is a positively oriented orthonormal basis along a (given by the Gram-Schmidt process, which is
smooth), and therefore, we may write w(s) = a(s)v(s) + b(s)v(s) for a,b smooth functions from I — R
such that a? + > = 1. We define the angle 6(¢) between v and w to be such that cos(§) = a(t) and
sin(f) = b(t), which is clearly smooth as well.

Lemma 2. Given two smooth unit vector fields v and w along a curve o : I — S, we have that
Dw] _[Dv) _ db
dt dt | dt

Proof. As before, we may write w = v cos 0+vsinf. Letting w = N xw, we see that W = —v sin 477 cos 6.
Differentiating our expression for w with respect to ¢ gives us that

w' = —(sin0)0’v + (cos O)v’ + (cos §)0'T + (sin )7’
Taking the inner product of w’ with w, and using the facts that (v,v’) = (v,7) = 0, we get that
(w', W) = (sin?0)0’ + (cos? 0)8" + (cos® 0)(v,v) — (sin? 0) (T, v)

Using the fact that (v/,9) = —(v,v") (by differentiating the identity (v,7) = 0), we can simplify the
above expression to

(w', W) = 0"+ (v',7)
Which by the definition of the algebraic value of the covariant derivative is just the fact that

Du] _[Do] , a0

dt | |dt] dt

What we wanted to prove. O]

We are now ready to give an explicit description of the algebraic value of the covariant derivative solely
in terms of the metric and in 6 (which is completely determined by the metric once our unit vector fields
are fixed).



Theorem 4. Let ¢(u,v) be an orthogonal, positively oriented parametrization of a neighborhood
of our oriented regular surface S. Let w(t) be a differentiable unit vector field along the curve

a(t) = (u(t), v(t)). Then

Proof. Letting e; = ‘P—\/“E and ey = 5“5 be an orthonormal frame for our neighborhood of S, we may use

Dul _[Der) , o
dt || dt dt
Where e;(t) = ey (u(t),v(t)), the restriction of the vector field e; to our curve a. By the definition of

[%‘;1] and the fact that N x e; = e,

the previous lemma and write

[lz;l] N <%’62> - <(61)“7e2>% + <(el)v762>%

Since F' =0, i.e. (¢u,ps) =0, we have that

1
<<puu7<pv> = _<(pu7§0vu> = _<S0u790uv> = _iEu

And from this, we immediately get from the quotient rule and F' = 0 that

<(el)“762>:<<j%)u’j%>=—l E,

In the same way, we also have that ((e1),,e2) = %\/GEL Plugging this into our expression for [LZ;I]
allows us to conclude that

Do) 1 (oo ) b

dt | 2y/EG\ “dt 'dt dt
And we are done. O

With this, we have obtained an intrinsic description of both the Gaussian and geodesic curvature. As
discussed before, the proof of the local Gauss-Bonnet will involve relating these two curvatures, which
will be done by passing from the boundary of a geodesic triangle to its interior via Green’s theorem.
However, there will still be a term remaining, which we will build the tools to understand in the section
below.

5 Geodesic Triangles

In this section, we will precisely define what a geodesic triangle is, and state (but not prove) a topological
fact about the angles of these triangles.

Definition 7. A parameterized curve a : I — S is a geodesic triangle if a(0) = a(1), « is
injective, and there exists 0 = tg,t1,t2 € [0,1) such that «([0,¢1]), a([t1,t2]), a([t2, 1]) are smooth
curves with injective differential that are geodesics of S. We call a(0), a(t1), a(t2) the vertices of
our geodesic triangle.

As a notational convention, t3 will always just be 1.

As we defined earlier with geodesic curvature, we define 6; : [t;,t;01] — R to be the function that
measures the angle between o (t) and ¢, (with respect to the metric on the tangent spaces). We define
the external angle w; at «(t;) to be the difference between 0;(t;) and 0;41(¢;), as depicted in the picture
below:



-((B;-.,tt])

A theorem in topology tells us the following

Theorem 5. (Theorem of Turning Tangents) Given a geodesic triangle (in general, any piecewise
regular curve) in S, we have that

This tells us that with respect to any smooth coordinate frame on a chart containing a geodesic triangle,
that the change in angle of a tangent vector our geodesic triangle across each of the three edges, plus
the jumps in angle at each of the three vertices, add up to 27w. This is a generalization of the fact in
the plane that the exterior angles of a triangle (in fact, any polygon) add to 2w. The proof of this fact
isn’t too hard, using some basic covering space facts and continuity of the curve to prove the fact in the
plane, and a short argument to pass the proof to a general surface. A detailed exposition on this fact
can be found in Chapter 9-1 of [Leel8].

With this, we finally have all the tools we need to prove the local version of Gauss-Bonnet.

6 The Proof of Local Gauss-Bonnet

We would like to show that for a geodesic triangle with interior {2 and external angles w1, ws,ws,
/ KdA-l—OJl +UJ2 +(.U3 :27T
Q

Like we discussed earlier, the crux of this proof will be relating the geodesic curvature of the boundary
of the geodesic triangle (which we know), to the Gaussian curvature of the interior of the triangle. Let
a: I — S a piecewise smooth curve be a parameterization of the boundary of our geodesic triangle by
arclength, and let «(sg), a(s1),a(s2) be the vertices of the geodesic triangle. Then since the geodesic
curvature on a geodesic is by definition zero (since the covariant derivative of the tangent vector field

along a geodesic is zero), we have that
2 Sj+1
0=>" / k
=074

We recall from Theorem 4 our intrinsic description of the covariant derivative to get that
5J+1 Sj+1 dv Si+1 d9
s)ds = / (G ) ds + / 5
z [ z " z o)

Applying Green’s theorem to the first integrand gives us

2

S s ] () ) B

7=0




We recognize the first integrand as being expression of Gaussian curvature in terms of the metric (as in
Theorem 3) multiplied by —vEG, so we have that

//g,l(m ((2?@)+ (2\%—6,)“) dudv:—//wl(mK@dudv:—/QKdA

The remaining part of (5), Z?:O [o %j
5 dd

Calculus and the Theorem of Turning Tangents:

2 siv gp. 2
Z/ d—deZZGi(strl)—Hi(sj):27r—w1—w2—o./3
j=0"5 5 =0

Putting this all together, we have that

2. sin
O:Z/ kg(s)ds:f/KdA+27rfw17w2—w3
j*O S5 Q

ds, can be simplified using the Fundamental Theorem of

And therefore,
/KdA—I—wl + wo + w3 =27
Q

Concluding the proof of Local Gauss-Bonnet.

7 Going Local to Global

The reason we worked with geodesic triangles in particular was because it turns out that all smooth
Riemannian 2-manifolds can be triangularized with geodesic triangles. A proof of this is not too hard
(see, for example, Exercise 9-5 in [Leel8]), but we will take it for granted.

The Euler characteristic of a surface S with respect to a given triangulation is given by
x(M)=V —-E+F

Where V' is the number of vertices, F the number of edges, and F' the number of faces. The fact that
this quantity is well-defined, i.e. that it doesn’t depend on a given triangulation, is easily proved using
CW homology. Assume S is connected, since otherwise we can run this procedure on each connected
component. Then applying Local Gauss-Bonnet to each triangle gives us

F F 3 F
Z/ KdA+ZZLdij:ZQ7T
i=1 "¢ i=1

i=1 j=1
We'll define the interior angles 6;; of the geodesic triangle 2; as ™ — w;;, so we may write the above
expression as

F F 3
Z/ﬂ KdA+37TF—ZZHij:2ﬂ'F
=1 i

i=1 j=1
Each interior angle 6;; lies in a unique triangle, and the sum of all interior angles around a vertex is
F 3 . .
exactly 27, so 3, > 5 0i; becomes 27V and we can write our expression as

F
Z/ KdA =21V —nF
i=1"7%%

Since each edge appears in exactly two triangles, we can count the number of edges by counting three
times the number of faces (there are three edges in a triangle), and dividing by 2 (each edge is double
counted), so 2F = 3F. Therefore, F = 2E — 2F and we finally get that

F
Z/ KdA =21V —27E + 2 F = 21x (M)
i=1

And this completes the proof of Gauss Bonnet!

10
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